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by 
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1. summary 

A g e n e r a l  least s q u a r e s  procedure  has  been f o r m u l a t e d  for  t h e  

a n a l y s i s  of a t r a c k i n g  sys t em ' s  a c c u r a c y  based  on  examina t ion  of 

t h e  range ,  az imuth ,  and  e l e v a t i o n  o u t p u t s  of the t r a c k i n g  system. 

The l ea s t  s q u a r e s  p r o c e s s  for c a l c u l a t i n g  t h e  s t a n d a r d  d e v i a t i o n s  

of  range  e r r o r s ,  az imuth  e r r o r s ,  and  e l e v a t i o n  e r r o r s  is p r e s e n t e d  

i r i  Parr: i i .  

A t  t h e  t i m e  a t  which t h i s  s t u d y  w a s  i n i t i a t e d ,  t h e  d a t a  of 

t h e  Woomera FPS-16 s t a t i o n  was of p a r t i c u l a r  i n t e r e s t  because  the 

burn ing  o f  t h e  las t  powered f l i g h t  s t a g e  of t h e  Cen tau r  m i s s i o n  

t e r m i n a t e d  i n  a r e g i o n  o v e r  t h i s  s t a t i o n .  The a c c u r a c y  of measured 

v a l u e s  o f  range ,  az imuth ,  and  e l e v a t i o n  as w e l l  as t i m e  d e r i v a t i v e s  

of t h e s e  v a r i a b l e s  w e r e  of n a t u r a l  i n t e r e s t  f o r  t h e  i n j e c t i o n  

problem. For t h e s e  r easons  t h e  d a t a  t a k e n  on t h e  MA-6 miss ion  
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a t  t h e  ttoonera s t a t i o n  has  been used to  i l l u s t r a t e  t h e  a p p l i c a t i o n  

o f  t h e  d e r i v e d  least s q u a r e s  method. 

T y p i c a l  s t a n d a r d  d e v i a t i o n s  o f  r ange  errors, az imuth  errors, 

and  e l e v a t i o n  errors are p r e s e n t e d  i n  F i g u r e s  I ,  2,  and  3. These  

f i g u r e s  show t h a t  computed s t a n d a r d  d e v i a t i o n s  are s t r o n g l y  dependent  

on  t h e  deg ree  of  least s q u a r e s  f i t  of  range ,  az imuth ,  or e l e v a t i o n .  

I n  g e n e r a l ,  on ly  f o u r t h  or  f i f t h  d e g r e e  polynomia ls  produced s u i t a b l e  

f i t t i n g s  f o r  t h e s e  v a r i a b l e s ,  based on t h e  c r i t e r i o n  that t h e  

computed s t a n d a r d  d e v i a t i o n s  of t h e  errors changed l i t t l e  i n  go ing  

from f o u r t h  t o  f i f t h  d e g r e e  least s q u a r e s  f i t .  

of t h e  s t a n d a r d  d e v i a t i o n s  Tp , Ca , and a;E on t h e  shapes  of 

r ange ,  az imuth ,  and  e l e v a t i o n  vs. t i m e  c u r v e s  is i n d i c a t e d  i n  

F i g u r e  4, 

The s t r o n g  dependence 

ir: m u s t  be expec ted  t h a t  some miss ion  f l i g h t s  w i l l  y i e l d  

r a d a r  d a t a  r e q u i r i n g  f o r  a n a l y s i s  h i g h e r  d e g r e e  least s q u a r e s  

polynomia ls  t h a n  t h o s e  used  i n  t h i s  s tudy.  

P a r t  111 develops  a p r o c e s s  f o r  c a l c u l a t i n g  t h e  s t a n d a r d  

d e v i a t i o n s  of  range  rate e r r o r s ,  az imuth  rate errors, and  e l e v a t i o n  

rate errors f o r  a sys t em i n  which r ange  rate, az imuth  rate, and  

e l e v a t i o n  rate are computed from t h e  time d e r i v a t i v e s  of t h e  

co r re spond ing  least s q u a r e s  polynomials used  to  f i t  r ange ,  az imuth ,  

* 

e 
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and elevation. S i n c e  t h e  process  i n v c l v e s  c o z s i d e r a b l e  u s e  cf t h e  

concep t s  of v a r i a n c e ,  cova r i ance ,  and expecca t ion  of random v a r i a b l e s ,  

a review of t h e  necessa ry  ccncep t s  and o p e r a t i o n s  is g i v e n  i n  

P a r t  111, subheading  I .  Average s t a n d a r d  d e v i a t i o n s  of r ange  rate 

e r r o r s ,  az imuth  rate errors, and  e l e v a t i o n  rate errors o b t a i n e d  

by t h e s e  methods a re  p resen ted  i n  F i g u r e s  10, 11, and  12. 

v a r i a t i o n s  of t h e  v a r i o u s  s t a n d a r d  d e v i a t i o n s  c+ , c3 , and Cg 

w i t h  t i m e  o v e r  a one  minute i n t e r v a l  are shown i n  F i g a r e s  5, 6, 7, 

8 ,  and  9. 

The 

The resul ts  i n  F i g u r e s  10, 11, a n d  12 i n d i c a t e  t h a t  q u i t e  

are o b t a i n e d  when r e a s o n a b l e  v a l u e s  of , W& , and 
t h e  co r re spond ing  least squa res  polynomia ls  for r ange ,  az imuth ,  

and  e l e v a t i o n  are of t h e  f o u r t h  or f i f t h  degree ,  

a;, 

?!x ii~rihocis of Part IS1 for c a l c u l a t i n g  Vc , CXh , and  aS 
E 

a p p l y  on ly  when t h e  rate v a r i a b l e s  1' , & , and & are 

produced as i n d i c a t e d  i n  t h e  text.  

A l l  of t h e  calculations of P a r t  111 are based  on t a k i n g  6 , 
6 , and i fron ieast squa res  f i t t i n g  o v e r  a one  minute  i n t e r v a l  

w i t h  t e n  a v a i l a b l e  samples of k, a , and 6 . Because of t h e  

wide v a r i a t i o n s  of , T. , and CF w i t h  t i m e  as e x h i b i t e d  

i n  F i g u r e s  5, 6 ,  7 ,  8 ,  and 9, i t  is  n a t u r e 1  to  ask whether  t h e s e  
a E 



i v  

v a r i a t i o n s  cou ld  be l i m i t e d  by a l t e r i n g  t h e  number of  samples  used  

t o  make t h e  l eas t  s q u a r e s  f i t s .  T h i s  q u e s t i o n  is answered i n  t h e  

a f f i r m a t i v e  i n  P a r t  I V ,  which deve lops  i n  a n  approximate  manner 

t h e  dependence of Tk , Ta , rE , GF , Ck , and  Gk o n  

t h e  number ( 3 )  of  samples  used to  make least s q u a r e s  polynomial  

f i t s  f o r  r , o( , and E .  T h e  r e s u l t s ,  shown i n  F i g u r e s  13 and  

14 i n d i c a t e  t h a t  by t h e  u s e  of a s u f f i c i e n t l y  large sample s i z e  N, 

0; s ra I and G, w i l l  have c o n s t a n t  v a l u e s  o v e r  t h e  least 

s a u a r e s  f i t t i n g  i n t e r v a l ,  whi le  t h e  co r re spond ing  s t a n d a r d  d e v i a t i o n s  

of  t h e  rate errors C L  C& , and  may be reduced to extremely 

small values. 

r ’  

C o n s i d e r a t i o n  of t h e  u s e  of t h e  methods of P a r t  111 to  produce  

o p e r a t i o n a l  v a l u e s  o f  r , 01 , and F, must t a k e  accoiint sf t h  

t l z a  i a g  r r o m  a measured  range, az imuth ,  or e l e v a t i o n  to  t h e  

co r re spond ing  k , dc , and k o b t a i n e d  from t h e  least s q u a r e s  

f i t t i n g .  

I n  t h e  least s q u a r e s  procedures  of t h i s  s t u d y  no a t t e m p t  h a s  

been made t o  compute cross c o r r e l a t i o n  among measured t r a c k i n g  

v a r i a b l e s  r , 01 , and E , a l t h o u g h  such  c o r r e l a t i o n s  e x i s t .  
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Nota t ion  Convent ions 

Measured v a l u e s  of a v a r i a b l e  are d i s t i n g u i s h e d  from correct 

or t h e o r e t i c a l  v a l u e s  by a s t a r  o n  t h e  measured q u a n t i t y .  E,g., 

t* is a measured v a l u e  of range,  w h i l e  r is  t h e  t h e o r e t i c a l  v a l u e  

of t h e  same variable. 

Let ter  symbols which denote  m a t r i c e s  a re  d i s t i n g u i s h e d  from 

o r d i n a r y  v a r i a b l e s  by u n d e r l i n i n g  t h e  matrix symbol. 

upper  case letters deno te  squa re  m a t r i c e s ;  lower case letters 

d e n o t e  column (or  r o w )  matrices, 

F u r t h e r ,  

E,g. K deno tes  a 5x5 s q u a r e  matrix 
(5:s) 

b denotes  a column matrix w i t h  f i v e  r o w s .  
( 5x1 1 

Matrices w i t h  a l l  e lements  i n d i c a t e d  are e n c l o s e d  w i t h  

b r a c k e t s ,  and  are n o t  under l ined .  S i n c e  no vectors are used  i n  

t h i s  s t u d y ,  t h e  u n d e r l i n e d  symbols w i l l  a lways  be unde r s tood  as 

m a t r i c e s  . 
I n  least s q u a r e s  polynomials  i n v o l v i n g  t i m e ,  t , as independent  

variable, t h e  u n i t  of t i m e  is a t i m e  i n t e r v a l  of s i x  seconds  or o n e  

t e n t h  minute  d u r a t i o n .  Thus t=l co r re sponds  t o  s i x  seconds ,  t=2  

c o r r e s p o n d s  t o  twelve  seconds ,  etc. 

c 

* 
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11. The Least Squares  P r i n c i p l e  

To i l l u s t r a t e  t h e  least s q u a r e s  method w e  shall assume that 

o v e r  a one  minute  t r a c k i n g  d u r a t i o n  t h e  t h e o r e t i c a l  r a n g e  is g i v e n  

i n  terms of t i m e  by a f o u r t h  d e g r e e  polynomial  

A v a i l a b l e  for the de te rmina t ion  of t h e  c o e f f i c i e n t s  bo, b, , b,, 

b4 arc t e n  measured v a l u e s  of r ange  

r eco rded  a t  equi-spziced va lues  of t i m e ,  s i x  seconds  a p a r t .  

conven ien t  to  d e n o t e  t h e s e  time v a l u e s  by: tl, =It,, 3tl, . . . . ,lot, 
An obse rved  value of range ,  t;, w i l l  d i f f e r  from the c o r r e s p o n d i n g  

t h e o r e t i c a l  r ange  de termined  from e q u a t i o n  (1) by a q u a n t i t y  

It is 

4k A 5 =  5 - 5 , which w e  call the d e v i a t i o n  of t h e  observed range  

I'rorn cne theoretical range. Throughout t h i s  s t u d y  a starred value 

o f  a v a r i a b l e ,  e.g. rf ,  w i l l  deno te  a measured v a l u e  of that v a r i a b l e ;  

t h e  co r re spond ing  symbol wi thou t  star w i l l  d e n o t e  a theoretical 

v a l u e  o f  t h e  variable. 

For j z J,2,. . . . .,n t h e  s q u a r e s  of t h e  d e v i a t i o n s  may be 
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" r i t t e n ,  from e q u a t i o n  (1 )  and  the  d e f i n i t i o n  of Ar : 

a. a 2 3 3 4 4  ( A  F.) = (bo t ab,$ + a bet i- 2 b$, + 2 b4t, - 
d l  c 

z 2 3 3 4  4 -  
(A t-d = (bo+ 3 b,t,+ gb;t, +3 b3t,+S b4t,  - 

Form t h e  sum of t h e  s q u a r e s  of the d e v i a t i o n s  

s = yk,. 
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The f u n c t i o n  S w i l l  a lways be a homogeneous q u a d r a t i c  form i n  the 

I 
b4 c o e f f i c i e n t  v a r i a b l e s  bo , b, , . . . , 

The measured v a l u e s  of r: P:, I?:, - - pm are 

r eco rded  a t  measured v a l u e s  of t i m e .  The p o s s i b l e  errors i n  measured 

* nt; s t i m e s  v e r s u s  t h e  t h e o r e t i c a l  v a l u e s  t, , 2f,, 3 t ,  , . . . . 
are c o n s i d e r e d  q u i t e  i n s i g n i f i c a n t  compared t o  the errors i n  measured 

ranges .  

The  least s q u a r e s  p r i n c i p l e u a s s e r t s  that the set of c o e f f i c i e n t s  

bo , 4 , b b , b+ i s  best f o r  which t h e  sum S of the squares 

of the d e v i a t i o n s  is a minimum. By a fundamental  theorem of c a l c u l u s  

a minimum of S w i l l  be  o b t a i n e d  when t h e  p a r t i a l  d e r i v a t i v e s  of S 

w i t h  r e s p e c t  to  

zero, 

a1  3 

bo., b, , b,, b,, and b are a l l  s imul t aneous ly  4 

The r e q u i r e d  p a r t i a l  d e r i v a t i v e s  are r e a d i l y  o b t a i n e d  from 

t h e  forms (2a1, (2b) , . . , . , . ,  (211) of t h e  i n d i v i d u a l  s q u a r e d  

d e v i a t i o n s  , 

d e r e r e n c e  ( 2 1 ,  pp, 288-291; r e f e r e n c e  (81, pp. 242-255; 
r e f e r e n c e  (91 ,  pp. 414-424, a n d  466-470. Each of  t h e s e  r e f e r e n c e s  
d e s c r i b e s  t h e  least  s q u a r e s  p r i n c i p l e ,  r h e  complete  proof  that 
t h e  p rocedure  o u t l i n e d  h e r e  y i e l d s  a minimum o f  S is g iven  i n  
r e f e r e n c e  ( 8). 
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., i 

( 4b) 
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Equations ( L a : ,  (4b), ( k ) ,  (4d), (4e) comprise a set of five 

simultaneous linear equations for the unknown coefficients bo , 

b, , b, , b, , bq. These equations m y  be systematically 

Y * rearranged, with the observed quantities P:, rZ, . . 
on the right, into the matrix form 

' pin 



k n n P 

j = l  J=l Jsc j = t  

a n d  

The u n i t  t i m e  i n t e r v a l  t,, i n  e q u a t i o n  ( 5 )  may be any c o n v e n i e n t  

v a l u e .  I f  t h e  v a r i a b l e  r is t o  be  f i t t e d  o v e r  a t i m e  d u r a t i o n  T, 

t h e n  t, =T/n , 

T=60 seconds  and n=10. 

u n i t  and  t o  set % 
H e r e a f t e r  a l l  c a l c u l a t i o n s  i n  t h i s  s t u d y  w i l l  be made on t h i s  

basis, With t h i s  s i m p l i f i c a t i o n ,  the unknown least squares 

c o e f f i c i e n t s  are o b t a i n e d  by i n v e r t i n g  t h e  m a t r i x  equh t ion  ( 5 ) .  

w r i t i n g  ( 5 1  i n  t h e  a b b r e v i a t e d  m a t r i x  form 

For t h e  d a t a  t o  be examined i n  t h i s  s t u d y  

It is conven ien t  to t a k e  t, as a t ime  

e q u a l  to  u n i t y  th roughou t  e q u a t i o n  ( 5 ) .  

b = K-I w (7 )  
( 5 ; S )  (6,) 

where 

i s  t h e  column m a t r i x  o f  least s q u a r e s  c o e f f i c i e n t s ,  and  11 is t h e  

5x5 m a t r i x  i n  ( 5 )  w i t h  t i  si . 

is t h e  column m a t r i x  on t h e  r i g h t  s i d e  of e q u a t i o n  (51, & 
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Analogous t o  e q u a t i o n  ( 5 1 ,  w e  may a s s u m e  f o r  t h e  zz imuth  a n g l e  

a least  s q u a r e s  polynomial  f i t  o f  t h e  form 

z s 4 u = a, + 2,t  + Zzt  + 5-r- + 5$ 
- 9  

w i t h  a v a i l a b l e  observed  v a l u e s  o f  az imuth  a:, az * , . . . 
a g a i n  t aken  a t  equi -spaced  times t, , a t ,  , 5tl , . . . ., 

Minimiza t ion  o f  t h e  sum o f  t h e  s q u a r e s  of t h e  d e v i a t i o n s  

4 
l o t ,  . 

of t h e  observed  v a l u e s  from t h e  t h e o r e t i c a l  c u r v e  then  l e a d s  to a 

m a t r i x  e q u a t i o n  

n n 
w,= r of) 2 

where now 

and  K is t h e  same numerical  5x5  m a t r i x  which a p p e a r s  i n  e q u a t i o n  (5). ;rl i=  I 

Again t h e  column m a t r i x  o f  least  s q u a r e s  c o e f f i c i e n t s  

- 

is  o b t a i n e d  by i n v e r t i n g  (9) - 
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so that 

Similarly, a fourth degree polynomial least squares fit for 

elevation angle in the form 

E = co + c,t 4- cat 2 + c,t 3 + c4f 4 

over the same time interval ti" f 1/04 results when the column 

matrix of least squares coefficients 

is deLerminea by 

n h n 

: I  J=r 
where now 

...., etc. Again K is the same (5x5)  matrix appearing in equatfons 

w*=.&.. 3 y = p j  9 bd.& - xj;- Sj 
J = l  
- 1  

(7) and (10). 

The equations of the form ( 7 1 ,  (101, (11) are easily generalized 

to the determination of the least squares coefficients for a least 
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squares polynomial fitting of any degree. 

the equations (61, (91, ( 1 2 1  are called the norm1 equations. 

In least squares terminology 

When the least squares coefficients are determined from the 

appropriate relations (71, (101, and (12) for a given one minute 

time interval, the resulting polynomials ( I ) ,  (81, and (111 are the 

best fourth degree polynomial representations in the least squares 

sense for the range, azimuth anglq and elevation angle, respectively, 

for that particular time interval. 

From the least squares polynomial representation ( 1) for 

range, best theoretical values of range at the data times: fr , 
at,, 3t, , , lot, may be computed by inserting 

t=L, 2, ......., LO in equation (1 ) .  Denoting these values of r 

by k, , Fa , 0 , , the substitution ,nrnrTzs zq 5s 

condensed into the single matrix formula 

I 

I 
I 
I 
I 

I 
I 

I 
I 

I 

I 

a 
3 + 
5 
6 
7 

‘ 0  

9 

10 

I 
4 
9 
16 
as 
36 
49 
6 4  

01 
100 

I 

8 
11 
64- 

i a 5  
a 16 
343 
5 12 

7 a9 
1000 

I 
16 
81 

IU 
615 

I a96 

a4-01 
4096 

6561 

10000 
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When t h i s  a r r a y  of t h e o r e t i c a l  v a l u e s  of r is s u b t r a c t e d  from 

t h e  co r re spond ing  a r r a y  o f  observed  v a l u e s  t h e r e  r e s u l t s  t h e  column 

a r r a y  o f  r e s i d u a l s  or  d e v i a t i o n s  yb : 

Note that 

()OK I) 
1 $0 

j = 1  

T 
where v, is t h e  t r a n s p o s e  o f  t h e  column m a t r i x  yI-. 

The s t a n d a r d  d e v i a t i o n  of  t he  r ange  errors may t h e n  be computed 

by (Refe rence  11, pp. 185-1911. 

where k is t h e  deg ree  o f  t h e  least  s q u a r e s  polynomial  f i t ,  &+1) 

e 

. 
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is t h e  rank of t h e  se t  of l i n e a r  e q u a t i o n s  (51, and n i s  che number 

o f  observed  v a l u e s  sf r used t o  make t h e  least s q u a r e s  f i t .  S i m i l a r l y ,  

t h e  s t a n d a r d  d e v i a t i o n s  of az imuth  and  e l e v a t i o n  errors may be 

computed by 

I n  each  o f  t h e  formulae  (161, (171, (18) t h e  number n - (k+ l )  is 

t h e  number o f  d e g r e e s  of  freedom. I n  t h i s  s t u d y  least s q u a r e s  f i t t i n g s  

are made o v e r  a one  minute  i n t e r v a l ,  w i t h  n=10 a v a i l a b l e  samples  

p e r  minute  i n t e r v a l .  The formulae (161 ,  (171,  (18) are n o t  exact 

formulae ;  r a t h e r ,  they  are " A s y m t o t i c  Estimates" ( R e f e r e n c e  11, 

p. 188) f o r  t h e  S tanda rd  d e v i a t i o n s  rk , Cl& , and Cc , s i n c e  t h e  

sets of r eco rded  v a l u e s  of range,  az imuth ,  and  e l e v a t i o n  c o n s t i t u t e  

o n l y  f i n i t e  samples  t aken  from i n f i n i t e  p o p u l a t i o n s  of t h e  measured 

v a r i a b l e s .  

The procedi;re f o r  de t e rmin ing  t h e  c o e f f i c i e n t s  i n  t h e  l e s t  

s q u a r e s  polynomial  f i t t i n g s  by minimiza t ion  of t h e  q u a n t i t y  S 
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d e f i n e d  by e q u a t i o n  ( 3 )  has  been s t a t e d  h e r e  f o r  u n i t  weights  on 

t h e  i n d i v i d u a l  <APi)'. It is p o s s i b l e  t o  g e n e r a l i z e  t h e  p rocedure  

so t h a t  d i f f e r e n t  weights  ( o t h e r  t han  u n i t y )  are a s s i g n e d  to t h e  
a 

v a r i o u s  @Pi). However, such  a d d i t i o n a l  smoothing is n o t  c o n s i d e r e d  

a p p l i c a b l e  f o r  t h i s  s tudy .  

The least s q u a r e s  p rocess  o u t l i n e d  here has  been a p p l i e d  t o  the 

Woomera s t a t i o n  FPS-16 r a d a r  d a t a  r eco rded  i n  the MA-6 mission.  

The necessa ry  computa t ions  were performed on t h e  GSFC 7090 computer.  

The least s q u a r e s  f i t t i n g s  of  range, az imuth ,  and  e l e v a t i o n  were 

made w i t h  a l l  least s q u a r e s  polynomials  from d e g r e e  t w o  t h rough  

d e g r e e  f i v e .  The s t a n d a r d  d e v i a t i o n s  of r ange  errors, azimuth 

errors, and  e l e v a t i o n  e r r o r s  are summarized i n  F i g u r e s  1, 2, and 

3. 

and  are t h e r e f o r e  o m i t t e d  i n  t h e s e  f i g u r e s .  The r e s u l t s  in t h e s e  

t h r e e  f i g u r e s  show t h a t  computed v a l u e s  of Cp , Ca , C5 are 

s t r o n g l y  dependent  on the degree  of t h e  least  s q u a r e s  polynomia ls  

used  t o  f i t  range ,  az imuth ,  and e l e v a t i o n .  

The r e s u l t s  w i t h  second o r d e r  polynomials  were qui te  ~ * n c ~ t f ~ f z f t ~ r -  

T a b l e  I is a t y p i c a l  IBM 7090 p r i n t o u t  f o r  a f o u r t h  d e g r e e  

least s q u a r e s  f i t  o f  range ,  azimuth,  and e l e v a t i o n  o v e r  a one  

minute  t r a c k i n g  i n t e r v a l ,  t o g e t h e r  w i t h  t h e  computed s t a n d a r d  d e v i a t i o n s  

of r ange ,  az imuth ,  and e l e v a t i o n  errors. 

c 
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The r e s u l t s  d e p i c t e d  i n  F igu res  1, 2 ,  and  3 a re  to  be rega rded  

as a v e r a g e  s t a n d a r d  d e v i a t i o n s  of  r ange  errors, az imuth  errors, 

a n d  e l e v a t i o n  errors o v e r  a one minu te  t r a c k i n g  i n t e r v a l  based  

on  least  s q u a r e s  f i t t i n g  wi th  t e n  samples  p e r  minute ,  The methods 

of P a r t  111 show t h a t  t h e  s t a n d a r d  d e v i a t i o n s  r p  , O&, C& 

a c t u a l l y  vary  w i t h  t i m e  o v e r  a one  minute  i n t e r v a l  of least s q u a r e s  

f i t .  

by u s i n g  a l a r g e r  sample size f o r  t h e  least  s q u a r e s  f i t .  

P a r t  I V  shows t h a t  t h i s  dependence on  t i m e  may be  reduced  

The  s t a n d a r d  d e v i a t i o n s  p r e s e n t e d  i n  F i g u r e s  1, 2 ,  and  3 

are in t ended  t o  i l l u s t r a t e  t hose  errors i n  r ange ,  az imuth ,  and 

e l e v a t i o n  which may be r e p r e s e n t e d  s t a t i s t i c a l l y .  

b e  i n f e r r e d ,  however, t h a t  t h e s e  errors r e p r e s e n t  t h e  e n t i r e  

errors i n  r ange ,  az imuth ,  and  e l e v a t i o n .  A r ange  tracking syztc= 

w i l l  have  dynamic s t e a d y  s t a t e  sys tem errors of t h e  form ( R e f e r e n c e  5 )  

It s h o u l d  n o t  

.. (m> 
Rr + -  t- Ri + . . a .  +- 

I + k, tc, km 
Ri Ri %s - 

where kp, 
l o o p  and  Ri,  kL , RL ,.... etc .  are t h e  i n p u t  r ange  and  i t s  t i m e  

d e r i v a t i v e s .  The  d e s i g n  of a rar:ge t r a c k i n g  sys t em a t t e m p t s  to 

l i m i t  s u c h  errors w i t h  r e s p e c t  to  a n t i c i p a t e d  forms of t h e  i n p u t  

Rv , Ka,. . . .etc. are g a i n  c o n s t a n t s  of t h e  t r a c k i n g  
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range  Ri(t). 
t h e  e x p r e s s i o n  f o r  

t h e  assumption t h a t  d e r i v a t i v e s  of Ri(t) beyond t h e  

n e g l i g i b l e .  

many r ange  i n p u t s  R;(t) which are h i g h  d e g r e e  polynomials .  

seems t o  be t h e  c a u s e  of  t h e  unreasonably  l a r g e  v a l u e s  of 

and 5 shown for c e r t a i n  time i n t e r v a l s  on F i g u r e  4. Thus, 

t h e r e  is a l w a y s  t h e  p o s s i b i l i t y  t h a t  a p a r t i c u l a r  r ange  i n p u t  

P r a c t i c a l  l i m i t a t i o n s  r e q u i r e  t h e  t e r m i n a t i o n  o f  
(m) 

&ss a t  a d e f i n i t e  Rr , which i n v o l v e s  

m '4 are 

Unfo r tuna te ly ,  t h i s  c o n d i t i o n  may be v i o l a t e d  f o r  

T h i s  

q,ra 

f ? ; c t )  w i l l  r e s u l t  i n  s t e a d y  state e r r o r  &ss n o t  o n l y  larger 

t h a n  t h e  d e s i g n  s p e c i f i c a t i o n  but growing w i t h  t i m e .  

e x p r e s s i o n s  app ly  for s t e a d y  s t a t e  a n g l e  t r a c k i n g  errors. 

Analogous 

The s t r o n g  dependence of rk , Ca , and on t h e  shape  

of t h e  range,  azimuth,  and e1ev;tion vs. +fmo tzr-;;; is shown ~n 

F i g u r e  4. I n  t h i s  f i g u r e  t h e  s t anda rd  d e v i a t i o n  o f  az imuth  error, 

U& , is omi t t ed  f o r  t h e  time p e r i o d  from one t o  two minu tes ;  t h e  

azimuth d a t a  f o r  t h i s  pe r iod  v a r i e d  t o o  r a d i c a l l y  t o  be f i t t e d  

w i t h  a f o u r t h  deg ree  l e a s t  squares  polynomial.  
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111. Deterrl t inat  i on  of  S tacda rd  Dev ia t ions  of Range Rate, Azimuth Rate, 

and  E l e v a t i o n  Rate from t h e  Least Squa res  Polynomia ls  f o r  Range, 

Azimuth, and  E l e v a t i o n  

1. Review of Opera t ions  w i t h  Expect ion ,  Var i ance ,  a n d  

Covar i ance  

The s t a n d a r d  d e v i a t i o n s  of range  rate, az imuth  rate, and  

e l e v a t i o n  ra te  may be computed from t h e  co r re spond ing  least s q u a r e s  

r e p r e s e n t a t i o n s  f o r  range ,  azimuth,  and e l e v a t i o n  on  t h e  a s sumpt ion  

t h a t  t h e  t i m e  d e r i v a t i v e s  of t h e  least s q u a r e s  f i ts  for k ,  O f ,  

6 , are  r e a s o n a b l e  r e p r e s e n t a t i o n s  for the t h e o r e t i c a )  v a l u e s  of 

6 ,  & , and 6 . The d e t e r m i n a t i o n  of r$ , T&, and  C'& by 

t h i s  method r e q u i r e s  t h e  a p p l i c a t i o n  o f  c e r t a i n  e l emen ta ry  theorems 

and  o p e r a t i o n s  d e a l i n g  w i t h  t h e  e x p e c t a t i o n ,  v a r i a n c e ,  and  c o v a r i a n c e  

of  random v a r i a b l e s .  It is p e r t i n e n t  t o  rev iew t h e  necessa ry  o p e r a t i o n s ,  

theorems,  and  d e f i n i t i o n s  he re .  The m a t e r i a l  is t a k e n  from r e f e r e n c e  

2. 

If X is a random v a r i a b l e ,  w e  deno te  by E(X) t h e  e x p e c t a t i o n  

o f  t h e  random variable. I f  t h e  f i r s t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  



(21 )  

The covariance of t w o  random varizhles !! z:ab Y, i r i i i e n  

cov ( X , Y ) , i s  de f ined  by (Reference 2 ,  pp. 169-170; re ference  3, 

p. 356) 

S i n c e  EO() =px and E(v) =/^u the  last  term i n  equation 

(22)  i s / u x p , ,  . In  p a r t i c u l a r  

- 16 - 

f ( X )  o f  the random var iab le  i s  known, then 

ho 

EO() = [Xf(X)& = ,ux 
-00 

t h e  mean of X, and 

If  x, , X2are random var iab les  then the  expec ta t ion  of t h e  

x, + xL i s  (Reference 2 ,  p . .  165) sum 
6 

(22)  . 
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Computation o f  t h e  e x p e c t a t i o n  term E(XY) i n  e q u a t i o n  (22) 

r e q u i r e s  i n  g e n e r a l  knowledge of t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  

o f  t h e  product  XY. 

provided  s u f f i c i e n t l y  s imple  a l g e b r a i c  r e l a t i o n s  e x i s t  between t h e  

two random v a r i a b l e s .  

It w i l l  be u s e f u l  f o r  t h e  purposes  of t h i s  s t u d y  t o  de t e rmine  

I n  p r a c t i c e  t h i s  d i f f i c u l t y  may b e  circumvented 

t h e  cova r i ance  of  two random v a r i a b l e s  X, Y which are l i n e a r l y  

r e l a t e d .  L e t  t h e  l i n e a r  r e l a t i o n  be  Y=aX + b where a, b are scalars. 

Then, by t h e  d e f i n i t i o n  f o r  c o v a r i a n c e  

COV(X,Y' = E (aXa+  bX) - E(X)E(aX+b) 

3 
= a rx- 

n u s ,  i f  bo , b, , . - . . , b, are a set of least 

s q u a r e s  c o e f f i c i e n t s ,  i t  is  e s t a b l i s h e d  i n  appendix  A t h a t  any 

c o e f f i c i e n t  b, 

f o m  

may be expres sed  l i n e a r l y  i n  terms of bo i n  t h e  
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where  % and cp are  c o n s t a n t s .  Then, by a p p l i c a t i o n  or  ( 2 4 )  
WP 

Further 

C W ( b ' ) b j )  = 
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where i t .- j) are aay two integers in the set (0, 1, 2 ,.-.. . ..... k). 
The constants Wo , W; , Wj are defined in terms of the data 

that is being fitted. For a least squares f i t  of range Wo , 
Idi , and Wj are defined by the tormulae 

v= I v= I 

r+ where the P' 

time intervals. 

are measured values of range recorded at equal 
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I f  ( &, , . , & ) i s  a s e t  of random v a r i a b l e s  t h e  

comple te  va r i ance -cova r i ance  p r o p e r t i e s  of  t h e  c o l l e c t i o n  of random 

v a r i a b l e s  may be c o n v e n i e n t l y  and s y s t e m a t i c a l l y  expres sed  by t h e  

c o v a r i a n c e  matrb 

where t h e  d i a g o n a l  e l emen t s  are r e s p e c t i v e l y  
2 

(3- . It should be noted  t h a t  C is  always a symmetric matrix s i n c e  x n  

The t w o  e x p r e s s i o n s  (26) and (27) p e r m i t  computa t ion  i n  terms cf 

t h e  complete  c o v a r i a n c e  matrix f o r  a set of least  s q u a r e s  c o e f f i c i e n t s  0- 
b0 

bo , b, , . - , b, , cons ide red  as random v a r i a b l e s -  2/ . Thus, when 

bo, b, , k - 4  t h e  complete  c o v a r i a n c e  m a t r i x  o f  t h e  random v a r i a b l e s  

. - -  b,+ may be w r i t t e n  

TO be r i g o r o u s ,  we mean t h e  random v a r i a b l e s  Ab,, A b , ,  . . . . , 
, t h e  d e v i a t i o n s  of b,, b, , . . . , t, from t h e f r  means. However, 

t h e  va r i ance -cova r i ance  p r o p e r t i c s  of Ab,, ab, , . . . 
z e r o  means) are t h e  same a s  t h e  v a r i a n c e - c o v a r i a n c e  p r o p e r t i e s  of 

beginning  G i t h  equa t ion  (26) and h e r e a f t e r ,  w e  omit w r i r l n g  t h e  
symbol i n  such e x p r e s s i o n s  invo lv ing  t h e  b's . 

, Abcc (about  
bo, 

0, 9 ' 0 -  - , b ,  - 
c c ~ ( P b ; ~ P b ) =  :w(b i ,b j )  ; e t c .  For t h i s  r eason ,  i n  t h e  s t a t e i n e n t r  

V P ~  (bj ) = va,(Abj) ; ~0~(4b~,bbj )=~0~(b, ,  bj) ; 

A 



C 
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1 

The collection of least squares coefficients is considered as 

Consider a collection of random variables in the following sense. 

a time interval for which there is available a large number of 

data samples of one variable, say range. Let the collection of 
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v a l u e s  o f  r be d i v i d e d  i n t o  sets as follows: 

. . . . . .  . . - .  

f o r  a g i v e n  set  si , make a l e a s t  s q u a r e s  f i t  of r i n  t h e  form 

For  each  se t  o f  d a t a  v a l u e s  sr t h e r e  w i l l  be  a se t  of least 
(i) 

s q u a r e s  c o e f f i c i e n t s  b 0 ’  by),. . . .. . . , bt) . Thus t h e r e  

w i l l  b e A  d i f f e r e n t  v a l u e s  o f  b, , 2 d i f f e r e n t  v a l u e s  of b, , 

. .. .. .. . . ... . . , 2 d i f f e r e n t  v a l u e s  o f  b, . Hence, each  c o e f f i c i e n t  

b, w i l l  have a p r o b a b i l i t y  d e n s i t y  f u n c t i o n  @(bp), and  t h e r e  

may be computed f o r  each  bp a s t a n d a r d  d e v i a t i o n  G . 
bP 

I n  t h i s  s t u d y  i t  h a s  been found unnecessary  t o  compute t h e  

v a r i o u s  s t a n d a r d  d e v i a t i o n s  r b  P ’  

( e q u a t i o n s  2E  and  2 7 )  that reduce t h e  problem to  t h e  computa t ion  

o f  a s i n g l e  sigma, i.e., rb, , which is then  de termined  from t h e  

d a t a  o f  P a r t  11. 

- w e  e s t a b l i s h ,  r a t h e r ,  r e l a t i o n s  
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F i n a l l y ,  i f  XI , ,..........., xk are random v a r i a b l e s ,  

a fundamental theorem (Reference 2 ,  p. 170; reference  6, pp. 179-180) 

states that  the  variance of t h e i r  sum is 

vak tx,+x,+....+X,) = vob(xJ+ %(-)+. . . . 

where the summation, E ,  is  over a l l  pairs of i n t e g e r s  ( i , j )  for 
L, i 

which L f j a n d  l & i 5 k  , I k j C k  

The variance of (ax + b) where X is a random v a r i a b l e  and 

a , b  are constants  is (Reference 6 ,  p. 179) 

Thus, i f  bp = bo + Cp 
and cp are constants ,  then 

(equat ion 25) where % 
WF 
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T o  i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e s e  p r i n c i p l e s  for  o p e r a t i o n s  

w i t h  v a r i a n c e  and  cova r i ance ,  i f  
- 

t- = bo + b,t + bat“+ bst3 + b4t4 ( 3 2 )  

i s  a least  s q u a r e s  f i t  o f  range  ove r  a g i v e n  t i m e  i n t e r v a l  and  

= b, + ab$ + Sb, t2+ +b4t3 ( 3 3 )  

i s  a s u i t a b l e  r e p r e s e n t a t i o n  fo r  6 , t h e n  errors ir! range  and  

r a n g e  rate are e x p r e s s e d  by 

Ab = Abo + t Ab, + taAb;2 + t3Ab, + t4bb+ ( 34)  

S i n c e  time ( t )  i n  e q u a t i o n s  (32) and  (33) is n o t  a measured 

based  on t h i s  r e s t r i c t i o n .  

A p p l i c a t i o n  of t h e  v a r i a n c e  expans ion  ( 3 0 )  t o  the sums i n  t h e  

r i g h t  members of (34) and  (351, wi th  t i m e  and  powers t h e r e o f  treated 

as scalars t h e n  y i e l d s  

s 

. 

c 



and 

. 

The appropriate  covariance and variance terms i n  the express ions  

( 3 6 )  and (37) may be taken from the covariance matrix (29).  

r e s u l t i n g  formulae for (T,: and r~ are 
The 

2 
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c 

Corresponding formulae apply for  Wa-, G-- 2 , 5 a , and G; 2 
d 

. 
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2. Equa t ions  and Numerical Values for , c& , rg 
The p r o c e s s e s  o u t l i n e d  i n  subheading 1. may now be a p p l i e d  

to  w r i t e  o u t  e x p r e s s i o n s  f o r  t h e  s t a n d a r d  d e v i a t i o n s  of r ange  rate 

e r r o r s ,  az imuth  ra te  errors, and e l e v a t i o n  rate errors f o r  a sys t em 

i n  which r ange  ra te ,  az imuth  rate, and  e l e v a t i o n  rate are t a k e n  

as t h e  t i m e  d e r i v a t i v e s  of t h e  least  s q u a r e s  r e p r e s e n t a t i o n s  of 

range,  azimuth,  and e l e v a t i o n .  The r e s u l t i n g  fo rmulae  are for: 

( a )  T h i r d  Degree L e a s t  Squares Fit 
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(b) F o u r t h  Degree Least Squares Fit 

(42) 

( 4 3 )  



-- 
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( e )  F i f t h  Degree Least Squares Fit 



~.. 
I 
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Each p a i r  of e q u a t i o n s  i n  t h e  g roup  (401, ........., (45) may 

be  a b b r e v i a t e d  to  read 

qi = % dm (47) 

where FC t ) a n d  Fa( t 

i n t e r v a l  ( I 

cons tan t :  and  w e  may t a k e  

are polynomia ls  i n  t h e  t i m e .  For a g i v e n  I 

t 5 10 1 of least s q u a r e s  f i t t i n g -  5 is a 
0 

where $ is t h e  s t a n d a r d  d e v i a t i o n  c a l c u l a t e d  numer i ca l ly  i n  

P a r t  1. With C b  known, vs. t i m e  over t h e  i n t e r v a l  ( IS t I10 1 

may be computed w i t h  (47). 

H e m  

0 

% Formulae similar to  (48) a p p l y  for 

and q- . I n  each  case ( m ) M e a n  is calculated 

a r i t h m e t i c a l l y  by t a k i n g  v a l u e s  of d m -  
t h e  i n t e r v a l  ( I 5  t 5 10 I .  

at s e v e r a l  p o i n t s  i n  

When t h i s  procedure  is a p p l i e d  to t h e  Woomera S t a t i o n  D a t a  

of MA-6, t h e  v a r i a t i o n  of TG , , and Ch w i t h  t i m e  is 
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as shown i n  Figures 5 ,  6 ,  7, 8, 9 .  The a v e r a g e s  of c$ 9 r& , and 

O-& ( w i t h  respect to t i m e )  a re  shown i n  F i g u r e s  10, 11, and 12. 

The extreme dependence of calculated q, Cd, and Cg 
time i l l u s t r a t e d  i n  Figures 5 ,  6 ,  7, 8 ,  9 resu l ted  from the f ac t  

t ha t  a small sample s ize  (10 per minute) w a s  used t o  determine the  

leasc squares f i t t i n g s  of range, azimuth, and elevation. Values  

of rfi, Td, and 3 should be constant ,  i f  these quan t i t i e s  are 

t o  be useful for  engineering purposes. 

it is  shown t ha t  the d i f f i c u l t i e s  presented in these f igures  may be 

overcome by using a l a rger  sample s ize  t o  determine the  least squares 

f i t t i n g s  of range, az€muth, and elevation. 

on 

I n  pa r t  N of t h i s  report  
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Iy. Dependexe  of 6 r&. , r& , : cd , rE on 

t h e  Number of  Samples Vsed for t h e  Least Squa res  F i t  

r '  

The methods of P a r t  111, when a p p l i e d  t o  t h e  c a l c u l a t i o n  of 

TF , C+ , C g  for range  rate, az imuth  rate, and  e l e v a t i o n  

rate,  showed t h a t  t h e s e  s t anda rd  d e v i a t i o n s  va ry  r a t h e r  r a d i c a l l y  

o v e r  a n  i n t e r v a l  for  which P , d ,  e ,  have been f i t t e d  by least 

squares pclynomials .  S i n c e  a l l  of t h e  c a l c u l a t i o n s  f o r  P a r t s  I1 

a n d  111 are based  on  least squares f i t t i n g  w i t h  t e n  a v a i l a b l e  

samples per minute ,  it is n a t u r a l  to i n q u i r e  whether  t h e  v a l u e s  

of r; , CT& , Cr; as well as cp , 5 , aEj c o u l d  be 

improved 5y u s i n g  a larger number o f  samples.  

q u e s t i o n ,  i t  w i l l  s u f f i c e  to examine o n l y  t h e  f o u r t h  degree least 

To answer  this 

s q u a r e s  f i t t i n g s .  The r e s u l t s  of t h i s  p a r t  are n o t  dependent  on 

Woornera s t a t i o n  data and  w i l l  apply  t o  any t r a c k i n g  s t a t i o n .  
f .  

The formulae  for q* and  for a f o u r t h  deg ree  least 

s q u a r e s  f i t  of r ange  are ( P a r t  111, e q u a t i o n s  442) and ( 4 3 ) ) :  
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Recall t h a t  t h e s e  formulae h o l d  o v e r  a one  minute  i n t e r v a l  

o v e r  which r ange  h a s  been f i t t e d  by a f o u r t h  d e g r e e  least s q u a r e s  

polynomial .  

The c o e f f i c i e n t s  ,.--.. .... , etc. i n  e q u a t i o n s  

(44)) and ( 5 0 )  may be  w r i t t e n  as approx ima t ions  

number o f  samples .  

v a r i a t i o n  o f  r* o v e r  a one  m i n u t e  i n t e r v a l  is n o t  large. 

number of  v a l u e s  of r* used to  make t h e  least s q u a r e s  f i t .  

i n  terms of t h e  

Cons ider  t h e  f i t t i n g s  f o r  r ange  when t h e  t o t a l  

N is t h e  
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Then  d 

-d rm reference 10, p. 387: 
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E t c  . . . . . . . . . . . . . . . E t c .  

When a l l  of the  coefficients i n  equation (49) and ( 5 0 )  are 

approximated i n  t h i s  manner i n  terms of the  number of samples,  N ,  

t h e  r e s u l t i n g  approximations for b and c t -are  

a 2 
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I n  t h e s e  formulae  t h e  f u r t h e r  s i m p l i f i c a t i o n  3V(jJtr)-/ 3N(dtI) 

h a s  been =de. 

f o r  which t h e  r ange  r has been f i t t e d  by a f o u r t h  degree least 

s q u a r e s  polynomial. 

The formulae  apply o v e r  a n  interval ( I A t 6 10) 

The approx ima t ion  formula ( 5 1 )  a p p l i e s  to  C&' when is 
1. 

OE, 

%* 

r e p l a c e d  by Ua6 , and  to Gc when sa is r e p l a c e d  by 

S i m i l a r l y ,  t h e  approximat ion  ( 5 2 )  a p p l i e s  to TG 

r e p  1 ac e d by 

2 
when 

a 
Gao , and to  (% when cb0 is r e p l a c e d  by & 

% 
F i g u r e  13 i l l u s t r a t e s  t h e  dependence o f  t h e  a v e r a g e  values 

, and 5 
-0 -0 

of normal ized  s t a n d a r d  d e v i a t i o n s  
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o n  t h e  number N of samples  used to  make t h e  least  s q u a r e s  f i t  of 

l- , a or & . As formula  (51 )  i m p l i e s ,  f o r  large N , 
5 0  

, and - E become independent  of  t i m e  and  Lim(G) = CJ& , 
% E* N - r w  

Llm (5) = q9 and Llm (q) = qo . 
N-+- N - + d  

F i g u r e  14  i l l u s t r a t e s  t h e  dependence o f  t h e  a v e r a g e  v a l u e s  of 

normal ized  s t a n d a r d  d e v i a t i o n s  % , - LA , and - G-& 
aE;, DCb - 

on t h e  number N of samples  used t o  make t h e  least s q u a r e s  f i t  of 

r ange ,  az imuth ,  or e l e v a t i o n  ove r  a o n e  minute  i n t e r v a l ,  It is 

r e a d i l y  observed  that the normalized d e v i a t i o n s  of range rate 

errors, az imuth  rate errors, and  e l e v a t i o n  rate errors may be 

d r a m a t i c a l l y  reduced  by i n c r e a s i n g  t h e  sample s i z e  used  to  make 

t h e  least  s q u a r e s  f i t  of , OL , or & . I n  fact ,  f r o m  formula  

The formulae  (51 )  and  (52 )  used  t h e  a s sumpt ion  that t h e  r ange  

of v a r i a t i o n  of r ange ,  az imuth ,  and  e l e v a t i o n  o v e r  a o n e  minute  

i n t e r v a l  is n o t  l a r g e .  I n  case t h i s  assumpt ion  is n o t  feasible, 

t h e  same procedure  used  h e r e  may be  employed, b u t  w i t h  a n  a d d i t i o n a l  

pa rame te r  5 =  ax i n  t h e  e x p r e s s i o n s  f o r  t h e  
)-M,n 



- 38 - 

ratios 3 , - WO 

are i n t e n d e d  to  i l l u s t r a t e  a p p r o x i w c e  dependence of the error 

s t a n d a r d  d e v i a t i o n s  o n  sample s ize  N. 

, e tc .  The re !e t ions  deve!oped i n  t h i s  p a r t  

Wher? t h e  r e s u l t s  of t h i s  part  are compared wi th  t h e  material 

i n  P a r t  I11 i t  is  c lear  that for N s u f f i c i e n t l y  l a r g e  (and  o n l y  

t h e n )  t h e  o f f  d i a g o n a l  e lements  i n  t h e  c o v a r i a n c e  m a t r i x ,  e q u a t i o n  

(291, a p p r o a c h  z e r o ;  i n  a d d i t i o n  a l l  d i a g o n a l  e l emen t s  e x c e p t  t h a t  

i n  t h e  uppe r  l e f t  hand c o r n e r  become v a n i s h i n g l y  small. Under 

t h e s e  c i r c u m s t a n c e s ,  t h e  e r r o r  s t a n d a r d  d e v i a t i o n s  rk 6a(, and 

Cb a p p r o a c h  c o n s t a n t  v a l u e s  , Ca0 and Go r e s p e c t i v e l y  

for t h e  i n t e r v a l  of least  s q u a r e s  f i t .  

Howard H .  Brown 
Staff Member 
Plans Office 

F. 0. Jonbulr 
Head, Plans Office 
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Appendix A 

L i n e a r  R e l a t i o n s  Between L e a s t  Squa res  C o e f f i c i e n t s  

The computa t ion  o f  c o v a r i a n c e  e l emen t s  i n  t h e  c o v a r i a n c e  nratr ix  

of a se t  of  least s q u a r e s  c o e f f i c i e n t s  i s  c o n s i d e r a b l y  s i m p l i f i e d  by 

t a k i n g  advan tage  o f  s i m p l e  l i n e a r  r e l a t i o n s  which c o n n e c t  any p a i r  

of least s q u a r e s  c o e f f i c i e n t s .  These r e l a t i o n s  w i l l  now be derived 

f o r  t h e  case of a f o u r t h  d e g r e e  l e a s t  s q u a r e s  polynomial .  

r e s u l t s  ex tend  by i n d u c t i o n  t o  a least s q u a r e s  polynomial  of a n y  

degree. 

The 

For t h e  case of a f o u r t h  deg ree  least s q u a r e s  polynomia l  f i t  

f o r  r a n g e  w e  have 

The least s q u a r e s  c o e f f i c i e n t s  bo , b, b, b3 , b+ are 

determined  by t h e  r e l a t i o n  

(A- 1) 

(A-2)  
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where: n n 

wo = Et-. 
J= I 

The quantities hi x (j= I,:;. . . ->r.) are the measured values of range 

recorded at equi-spaced times. 

of the 5x5 matrix which appears on the left side of equation ( 5 ) .  

The forms of the indices on individual elements of the matrix ( k i j  1 

in equation ( A - 2 )  follow from the fact that the matrix ( )ci j  1 is a 

symmetric matrix. 

The 5x5 matrix ( K i j  1 is the inverse 

When the matrix equation ( A - 2 )  is written out for the individual 

coefficients the following l inear  equations are obtained 

(A-3)  

( A - 4 )  

(A-5)  

( A - 6 )  

( A - 7 )  

- I  
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Elimination of k,z between equations ( A - 3 )  and ( A - 4 )  yields 

wow4 Wl ~ 1 5  j - w0w2 k13 - klq - 
wt Wl 

The last parenthesis term in this equation is a constant. The relation 

between b, and bo is therefore of the form 

( A - 8 )  

Similarly, elimination of K I g  between equations ( A - 3 )  and 

( A - 5 )  yields the linear relation 

Elimination of k23 between equations ( A - 4 )  and ( A - 5 )  yields 

4- 

where c,, is a constant. 
Proceeding by induction from equations ( A - 8 )  and ( A - 9 ) ,  it 

may be shown that any least squares coefficient b, in a set of 
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l ea s t  s q u a r e s  c o e f f i c i e n t s  ( b,,b,, 4, . . -1 may be e x p r e s s e d  l i n e a r l y  

i n  t e r m s  o f  bo i n  t h e  form 

For a f o u r t h  deg ree  least squa res  f i t  w i t h  least s q u a r e s  

c o e f f i c i e n t s  ( bo> b,, . . . ,b), index P i n  ( A - 1 1 )  h a s  t h e  v a l u e s  

1, 2 ,  -3, or 4. 

F u r t h e r ,  e q u a t i o n  (A-10)  may be g e n e r a l i z e d  so tha t  any least 

s q u a r e s  c o e f f i c i e n t  bp is  r e l a t e d  to any  o t h e r  lease squares 

c o e f f i c i e n t  ba (a#P) of the same set by a l i n e a r  e q u a t i o n  of form 

(A -11 )  

(A- 12) 
- . .  

where c p ~  is a c o n s t a n t  f o r  each  p a i r  ( Pit 1. 

The l i n e a r  r e l a t i o n s  developed h e r e  a l l  follow f rom the fact 

that t h e  matrix ( Ki; 1 i n  (A-2)  is always a symmetr ic  matrix. 
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Figure I Standard deviation of range errors vs 
degree of least squares fit of range. 
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Figure 2 Standard deviation of azimuth errors vs 
degree of least squares f i t  of azimuth. 
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Figure 3 Standard deviation of elevation errars vs 
degree of least squares fit of elevation. 
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Figure 4 Dependence of standard deviations of range, 
azimuth, and elevation errors on shape of 
range, azimuth, and elevation vs time curves. 
C ' s  shown for 4th degree least square fit. 
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Values of Ci should 3c constant. The variation of Cri with time 
indicated here results fiorn the smoll sample size (IO per minute) 
used. For itnprovement in via us8 of larger sample size see 
discussion in part X. 

Case I 
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0.9 MINUTE = LEAST SQUARES 
FIT INTERVAL FOR r 

Time (0.1 minute units) 

K= Degree of least squares fit of r 

Figure 5 Variation of stondard deviation of range 
rate errors over an interval of least squores 
fit of range. Values of i determined from 
time derivative of least squares fit of range. 



w 
Values of cb should be constant. Ths variation of c b  wi?h time 
indicoted here results from the smali sampie siza (IO per minute) 
used. For improvement in c&Q via use of larger sampie sire see 
discussion in port x. 
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Figure 6 Variation of standard deviation of azimuth 
rate errors over an interval of least squares 
fit of azimuth. Values of a determined from 
time derivative gf least saucre fit of azimuth. 
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Values of c& should be constant. me variation of with time 
indicated here results from the small sample size (IO per minute) 
used. For improvement in c( via use of larger sample size see 
discussion in part m. 
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Figure 7 Variation of standard deviation of azimuth 
rate errors over an interval of least squares 
fit of azimuth. Values of 6 determined from 
time derivative of least square fit of azimuth. 



Values of c$ should be constant. The variation of c g  with time 
indicated here results from tha small sample site (IO per minute) 
used. For improvement in u& via use of larger sample sire see 
discussion in part m. 
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Figure 8 Variation of standard deviation of elevation 
rate errors over on interval of least squares 
fit of range. Volues of 6 determined from 
least squores fit of elevation. 



Values of c g  should be constant. The variation of 0 4  with time 
indicated here resutts from the small sample size (0 per minute) 
used. For improvement in c& via us8 of larger sample sire see 
discussion in part Ip. 
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Time (0.1 minute units) 

K= Degree of least squares fit of E 

Figure 9 Variation of standard deviation of elevation 
rate errors over on interval of least squares 
fit of azimuth. Values of i determined from 
time dzrivotive of least squares fit of elevation. 
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Figure IO Average standard deviation of range rote 
errors vs degree of least squares fit of range. 
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Figure II Average standord deviation of azimuth rote 
errors vs degree of least squares fit 
of C h ! ! % L  
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Figure 12 Average standard deviation of elevation rote 
errors vs degree of least squares fit of elevation. 
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Figure I3 Effect of number of samples (N) used to 
determine fourth degree least squares fit 
of range, azimuth, elevation on expected 
average normalized 0; Ua Ce. 
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Figure 14 Effec? of number of samples (N) used to 
determine fourth degree least squares fit of 
ronge, a z i m t h  elevation on expected overoqe 
normal ked standard deviat ions of range rote 
errors, azimuth rate errors, and elevation 
rate errors. 


